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In PT-symmetric gratings, asymmetric diffraction can be generated by modulating the ratio 
between imaginary and real refractive indices. In this paper, a rigorous coupled-wave analysis 
(RCWA) has been developed to analyze the diffraction properties of acoustic PT-symmetric gratings 
with two kinds of modulating approaches, including modulating the effective modulus and the 
effective density. Asymmetric diffraction with both Bragg incident angles and perpendicular 
incident angles is discussed by using the RCWA method. Results show that the modulation ratio for 
the diffraction vanishing point changes with the modulation amplitude differently for two kinds of 
modulating approaches. Moreover, the sound energy will be weaken or be enhanced at Bragg 
incident angles depending on the sign of incident angles and the modulation ratio. 
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I. INTRODUCTION 
Parity-time (PT) symmetry is a concept arising from quantum mechanics to 
describe the invariance of Hamiltonian under the combination of parity (P) and time-
reversal (T) operations [1]. Because of the similarity between Schrödinger equation and 
classic wave equation, non-Hermitian systems with PT-symmetric potential have been 
widely discussed in fields of classic waves [2-30]. In the PT-symmetric systems of 
classic waves, distribution of complex refractive index needs to be a Hermitian function 
of position as ( ) *( )n x n x , where the superscript * denotes the conjugation. This 
distribution requires precisely balancing loss and gain materials. Many interesting 
phenomena in PT-symmetric systems of classic waves have been explored, such as one-
way cloak [16-18], unidirectional reflection [20-22] and coherent perfect absorption 
and lasing [10-13, 24, 29]. These novel effects derive from the phase transition point of 
PT-symmetry, where the system Hamiltonian switches between real and complex 
spectrum. Recent progress on PT-symmetric systems yields new schemes to realize 
asymmetric transport without nonlinear effect or mode conversion [16-23, 27]. Such as 
in PT-symmetric diffraction gratings, asymmetric diffraction is observed between a pair 
of oblique incidence waves at the exceptional point (EP) [23, 30, 31]. Compared to 
conventional diffraction gratings that have symmetric diffraction orders, PT-symmetric 
gratings exhibit intrinsically asymmetric diffraction property that the forward diffracted 
positive first order disappears completely when the real and imaginary parts of 
refractive index are equal. 
In previous researches, two-wave coupled theory is always used to analyze the 
sound field in PT-symmetric gratings, which neglects the boundary diffraction and the 
second derivatives of the field amplitudes in gratings [21-24, 29-31]. This 
approximation is convenient when the modulation is assumed to be very small. 
However, higher orders of space harmonics will become more and more important with 
increasing the modulation amplitude so that the approximation will cause large errors 
in calculation. A rigorous analysis model has been presented to analyze acoustic 
   
gratings made of perfect rigid bodies [32-34]. In their model, the pressure field inside 
a single aperture is assumed as the superposition of counter propagating waveguide 
modes, which only can be applied to gratings with air apertures surrounded by rigid 
walls. In this paper, we presented a rigorous coupled-wave analysis (RCWA) to study 
the diffraction properties of acoustic PT-symmetric diffraction gratings. This method is 
developed from the solution of electromagnetic wave diffraction in planar gratings [35-
43], which is a straightforward solution based on the governing set of differential 
equations. In this method, the pressure field inside a grating is considered as the 
composition of numbers of plane waves, including forward-traveling waves and 
backward-traveling waves. The diffraction efficiencies are determined by solving the 
acoustic wave equation in the grating and matching the continuity conditions at 
boundaries of grating. 
By using our proposed RCWA method in acoustics, we have studied the diffraction 
properties of acoustic PT-symmetric diffraction gratings. The diffraction vanishing 
point (DVP) corresponding to forward diffracted positive first order disappeared and 
the sound energy variation in gratings will be discussed as main objects. The 
modulation ratio between real and imaginary parts for the DVP changes with the 
modulation amplitude. This phenomenon is different from the results of previous 
researches that complete diffraction suppression of PT-symmetric gratings always 
occurs when the amplitudes of the real and imaginary parts are identical [23, 30, 31]. 
Moreover, the sound energy will be weaken or be enhanced in the diffraction gratings 
depending on both the sign of incident angles and the modulation ratio. 
This paper is organized as follows. After this introduction, Sec. II describes both 
the theory and solution of RCWA in acoustic diffraction gratings. Afterwards, Sec. III 
presents a detailed discussion on two-beam diffraction of PT-symmetric gratings at 
Bragg incident angles. Two kinds of approaches to modulate the distribution of 
refractive index are presented, including modulating the effective modulus and the 
effective density. Full-wave simulations are also given to validate the developed RCWA 
method. Section IV studies the multi-beam diffraction properties with perpendicular 
incidence. Then Sec. V discusses the convergence of RCWA briefly, for the sake of 
   
completeness. Finally, Sec. VI summarizes the main findings of this work. 
II. RIGOROUS COUPLED-WAVE ANALYSIS OF ACOUSTIC 
DIFFRACTION GRATING 
The acoustic diffraction grating is schematically illustrated in Fig. 1. The grating 
fringes are periodical in x direction. When acoustic waves transmit the grating, both 
backward and forward diffracted waves will be produced. To conveniently describe the 
diffraction phenomenon, we divide the whole area into three regions: regions I and III 
are homogeneous air background; region II represents the area within the modulated 
grating. The normalized pressure in three areas can be expressed as follows: 
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Here k0 is the wave vector in air;   is the incident angle; T and d are the period and 
thickness of the grating; iR  and iT  are normalized amplitude of the ith reflected 
wave and transmitted wave, respectively; iS  is the ith wave field at any point within 
the modulated grating. For a given index of i, the wave field inside the grating can be 
expressed as a superposition of an infinite number of plane waves. This superposition 
includes forward-traveling waves and backward-traveling waves. These amplitudes 
are determined by solving the acoustic wave equation 
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where ( )n x  and ( )x  are position dependent refractive index and mass density in 
   
the modulated grating. Because of the periodicity, 2 ( )n x   and ln( ( ))x   can be 
expanded as follows: 
 
2( ) exp( ),
ln ( ) exp( ).
m
m
m
m
n x x jmKx
x y jmKx
 
 


 (5) 
 
FIG. 1. Geometry for an acoustic diffraction grating. 
To solve the wave field ( )iS z  in the grating, we substitute Eqs. (2) and (5) into 
acoustic wave equation [Eq.(4)] and obtain the rigorous coupled-wave equation: 
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Equation (6) could be written in matrix form as [ ''] [ ][ ]S Α S , where S  and ''S  are 
the column vectors of iS  and 
2 2/id S dz , respectively. The expression of matrix A  
is 2 2
0k Kx xA K X K Y    ; ,X Y   are both matrixes, whose elements are 
, ,, ( )m n m n m n m nX x Y m n y     ,respectively; xK   is a diagonal matrix, whose 
elements are 
,i i xiK k  . The system given by differential equations [Eq. (6)] has a 
simple and straightforward solution, which can be obtained in terms of the eigenvalues 
and the eigenvectors of the matrix A. It is  
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where mq  is the square root of the mth eigenvalue and ,i mw  is the mth element of the 
row in the eigenvector matrix W . The coefficients mc
  and mc
  can be determined by 
matching the sound pressure and normal particle vibration velocity at the boundaries 
0z   and z d  . The normal particle vibration velocity can be expressed as 
1
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 for simple harmonic wave. By expanding the normalized reciprocal of 
mass density as 
0
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  , where 0  is the mass density of air, the 
ith particle vibration velocity can be expressed as follows: 
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By combining Eqs (1), (2), (3), (7) and (8), the continuity conditions at 0z  can be 
expressed as : 
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The continuity conditions at z d  are shown as: 
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Here 0i  is the Kronecker delta function. The boundary conditions can be written as 
matrix form: 
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where ,R T  are column vectors of reflected waves and transmitted waves; 0iΔ  is a 
column vector, in which only the element corresponding to zero-order wave equals to 
1 and others are zero; Z  is a matrix, whose elements are ,m n m nZ z  ; , , zQ E Κ  
   
are diagonal matrixes, whose elements are , exp( ),m m ziq q d k  , respectively; C

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and T in Eqs. (11) and (12) gives 
 
0 0 0(cos )
0
i i
j jj jk
j j
z zz
z z
Κ W V Κ WE VEΚ Δ Δ C
Κ WE VE Κ W V C
 

     
           
, (13) 
where V ZWQ  for the sake of simplicity. The column vectors of coefficients can 
be solved from Eq. (13), and then column vectors of reflected waves and transmitted 
waves can be obtained as     0i
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The diffraction efficiencies for different diffracted orders, which is the ratio between 
energy of diffracted order and energy of incident wave, are given by 
*
1 0Re( / )i i i zi zDE R R k k  , 
*
3 0Re( / )i i i zi zDE TT k k  , where 1iDE   and 3iDE   are the 
diffraction efficiencies in regions I and III. 
III. TWO-BEAM DIFFRACTION OF PT-SYMMTRIC GRATINGS AT 
BRAGG INCIDENT ANGLE 
Figure 2 shows a PT-symmetric grating, in which the real modulated refractive 
index ( rn ) is an even function of position and the imaginary modulated refractive index 
( in ) is an odd function of position. One period of the grating that is indicated by the 
grey rectangular box contains four parts with equal duty cycle. The enlarged view is 
shown in the right inset, in which four parts are marked by 1, 2, 3 and 4. Refractive 
indices of different parts are expressed as 1 (1 ') 'n n i n    , 2 (1 ') 'n n i n    , 
3 (1 ') 'n n i n    , 4 (1 ') 'n n i n    ,respectively. 'n   and   are the modulation 
amplitude of real refractive index and the amplitude ratio between imaginary modulated 
part and real modulated part. The positive imaginary refractive indices ( 0in ) of parts 
1 and 2 represent gain and the negative imaginary refractive indices ( 0in ) of parts 3 
   
and 4 represent loss. The propagation of acoustic waves is generally manipulated by 
two kinds of methods: modulating the effective modulus or the effective density of unit 
cells. So gratings modulated by two different approaches are discussed in this paper. 
We firstly discussed the two-beam diffraction of the PT-symmetric gratings with 
Bragg incident angles. The period of grating is set equal to the wave length, that is, 
=T  . In this situation, only zero-order and first-order diffracted waves are constructed 
at Bragg incident angle ( o
B   ). All higher orders are evanescent waves since the 
corresponding horizontal wave vectors are larger than 0k . In this situation, the angles 
between two forward and two backward diffracted orders are both o6 , and it is easy 
to recognize different diffracted orders in full wave simulation with a finite element 
(FEM) software Comsol Multiphysics. So full-wave simulations of spatial Gaussian 
incident beams are also reported to prove the correctness of the developed RCWA 
method. 
 
FIG. 2. Schematic diagram of diffraction at Bragg incident angle in an acoustic PT-symmetric 
grating. rn  ( 'rn n  ) and in  ( 'in n  ) are the real and imaginary parts of modulated 
refractive index. Blue arrow represents incident wave and orange arrows represent corresponding 
diffracted waves. Inset is enlarged view of the period in grey rectangular box. 
A. Modulating the effective modulus 
In the case of modulating the effective modulus, the mass density of grating is set 
as homogenous and equals to the mass density of air 0 . Figure 3 shows the diffraction 
   
efficiencies of PT-symmetric grating when the modulation amplitude 'n  equals to 
0.05. Figure 3(a) shows the total diffraction efficiencies with positive and negative 
Bragg incident angles. Total diffraction efficiency is the sum of diffraction efficiencies 
of all forward and backward diffracted orders. When the incident angle is positive, the 
total diffraction efficiency is larger than 1, which indicates that gain plays a leading role 
in the propagation process. When the incident angle is negative, the total diffraction 
efficiency is lower than 1 before the DVP and higher than 1 after the DVP. The DVP 
transforms an absorbing grating into an amplifying grating for the case of negative 
incident angle. Then diffraction efficiencies of specific diffracted orders are discussed. 
The backward diffracted orders are weak because the modulations of gratings are 
relatively small. In this case, the diffraction efficiencies of forward diffracted orders are 
studied. As shown in Fig. 3(b), diffraction efficiencies of forward zero orders with both 
positive and negative incident angles are equal. However, the diffraction efficiencies of 
forward first orders (Figs. 3(c) and (d)) are quite different when the incident angle 
changes from positive to negative. The positive first-order diffracted wave with 
negative incident angle is suppressed completely when modulation ratio   equals to 
0.99, which is very close to previous results of two-wave coupled theory [23, 30, 31]. 
The amplitudes of pressure fields in one period at =0.99  are shown in the insets of 
Figs. 3(c) and (d). For positive incident angle, the higher sound pressure is mainly 
localized in gain parts, while the sound pressure is almost evenly distributed at gain and 
loss parts for negative incident angle. The amplitudes of pressure fields well explain 
why the total diffraction efficiency is higher than 1 with positive incident angle but is 
equal to 1 with negative incident angle at the DVP. All above results shown in Fig. 3 
are obtained by RCWA (lines) and FEM (symbols). It can be observed that the results 
of numerical calculation by RCWA agree well with the simulation results by FEM. 
   
 
FIG. 3. Diffraction efficiencies for the case of modulating the effective modulus with modulation 
amplitude ' 0.05n . RCWA and FEM represent the results of numerical calculation by RCWA 
and simulation results by FEM; P/IN and N/IN represent cases of positive and negative incident 
angles. Diffraction efficiencies for (a) total diffracted waves, (b) forward diffracted zero order, (c) 
forward diffracted negative first order, (d) forward diffracted positive first order. Insets: amplitudes 
of pressure fields in one period at the DVP obtained by RCWA (R) and FEM (F). 
In order to enhance the diffraction capability, the modulation amplitude is 
increased to ' 0.2n  . The diffraction efficiencies are shown in Fig. 4. All the 
diffraction efficiencies are greatly improved after increasing the modulation amplitude. 
In terms of the variation tendency of diffraction efficiencies with the modulation ratio, 
the diffraction properties are almost the same as the diffraction of above grating with 
' 0.05n . When the incident angle is positive, sound energy is amplified a lot in the 
diffraction grating. For negative incident angle, the diffraction grating also changes 
from an absorber to an amplifier at the DVP. The amplitudes of pressure fields at the 
DVP are shown in insets of Figs. 4(c) and (d). Sound energy is also mainly localized in 
gain parts for positive incident angle while evenly distributed in gain and loss parts for 
negative incident angle. Asymmetric diffraction still exists between positive and 
   
negative incident angles. However, it is worth noting that the DVP does not locate near 
to =1  any longer but moves forward to =0.86 . Previously, the DVP always occurs 
when the imaginary modulation equals to the real modulation in PT-symmetric 
diffraction gratings. This result is obtained using two-wave coupled theory and 
neglecting backward diffracted orders, which is only applicable when the modulation 
is very small. After increasing the modulation amplitude, backward and higher 
diffracted orders become influential and cannot be neglected. So the two-wave coupled 
theory is not accurate any longer. However, as a rigorous solution, the proposed RCWA, 
which contains every forward and backward diffracted order, is still applicable in the 
case of large modulation amplitude. Theoretically, this rigorous and straightforward 
solution is useable in all applications of planar gratings. The results of RCWA (lines in 
Fig. 4) are still consistent with the results of FEM (symbols in Fig. 4), which is a proof 
for the accuracy of RCWA. 
 
FIG. 4. Diffraction efficiencies for the case of modulating the effective modulus with modulation 
amplitude ' 0.2n . Diffraction efficiencies for (a) total diffracted waves, (b) forward diffracted 
zero order, (c) forward diffracted negative first order, (d) forward diffracted positive first order. 
Insets: amplitudes of pressure fields in one period at the DVP. 
   
B. Modulating the effective density 
In the case of modulating the effective density, the effective densities of different 
parts are set as 2
0Re( )l ln   ( 1,2,3,4l ), which are proportional to the square of 
real refractive indices. All the other conditions are the same as the case of modulating 
the effective modulus. Figures 5 and 6 show the diffraction efficiencies with modulation 
amplitudes ' 0.05n  and ' 0.2n , respectively. The diffraction properties of grating 
modulating the effective density are almost the same as grating modulating the effective 
modulus. Sound energy also increases in the diffraction grating when the incident angle 
is positive, and changes from reductive to amplifying across the DVP when the incident 
angle is negative. As the amplitudes of pressure fields shown (insets of Figs. 5 and 6), 
sound energy is still localized in gain parts for positive incident angle while evenly 
distributed in gain and loss parts for negative incident angle. However, the DVPs of 
modulating the effective density are quite different from the DVPs of modulating the 
effective modulus. The modulation ratio of the DVP changes from =0.99   to 
=0.50  when the modulation amplitude 'n  equals to 0.05, and the modulation ratio 
of DVP changes from =0.86   to =0.56   when the modulation amplitude 'n  
equals to 0.2. 
   
 
FIG. 5. Diffraction efficiencies for the case of modulating the effective density with modulation 
amplitude 'n  equals to 0.05. Diffraction efficiencies for (a) total diffracted waves, (b) forward 
diffracted zero order, (c) forward diffracted negative first order, (d) forward diffracted positive first 
order. Insets: amplitudes of pressure fields in one period at the DVP. 
 
FIG. 6. Diffraction efficiencies for the case of modulating the effective density with modulation 
   
amplitude 'n  equals to 0.2. Diffraction efficiencies for (a) total diffracted waves, (b) forward 
diffracted zero order, (c) forward diffracted negative first order, (d) forward diffracted positive first 
order. Insets: amplitudes of pressure fields in one period at the DVP. 
C. Variation of the DVP at Bragg incident angle 
From the above results, it is clear that both the modulation amplitudes and 
modulating approaches will influence the modulation ratio for the DVP. The detailed 
variations of the DVP for two modulating approaches ( 0   and 
2
0Re( )n   ) 
are calculated by both RCWA and FEM. Figure 7 shows that with increasing the 
modulation amplitude, the modulation ratio of the DVP decreases for the case of 
modulating the effective modulus but increases for the case of modulating the effective 
density. When the modulation amplitude is small, the difference of densities between 
two kinds of modulating approaches is also small. However, the modulation ratios for 
the DVPs are counterintuitively different. In fact, both the inner diffraction and the 
boundary diffraction will influence the energy distribution for every diffraction orders. 
From the theory and solution of RCWA, we can see that the refractive index distribution 
only affects the inner diffraction, but the density distribution affects both the inner 
diffraction and the boundary diffraction. When the boundary diffraction plays an 
important role in the diffraction progress, a small difference of density modulation 
could lead a large difference between the modulation ratios for the DVPs. 
 
   
FIG. 7. Relationships between the modulation ratio for the DVP and the modulation amplitude at 
Bragg incident angle. 0    represents the case of modulating the effective modulus and 
2
0Re( )n   represents the case of modulating the effective density. 
IV. MULTI-BEAM DIFFRACTION WITH PERPENDICULAR INCIDENCE 
This part will discuss a more general situation: diffraction properties of PT-
symmetric grating with higher diffracted orders. Sound waves are perpendicularly 
incident into a grating with a period equaling to five times of wave length, that is, 
5T  . Then multiple diffracted beams will be generated in forward and backward 
diffracted regions. Figure 8 shows the diffraction efficiencies of first-order diffracted 
waves with different modulation amplitudes for both modulating approaches. The 
diffraction efficiencies of forward diffracted positive first order are much lower than 
those of negative first order. In the case of perpendicular incidence, the diffraction 
efficiencies for first-order diffracted waves with modulating the effective modulus and 
the effective density are similar to each other. As increasing the modulation amplitude 
and modulation ratio, small difference between two modulating approaches will appear. 
Figure 9 shows the relationships between modulation ratio for the DVP and the 
modulation amplitude, which are nearly identical for the case of modulating the 
effective modulus and the case of modulating the effective density. The modulation 
ratio for the DVP increases from =0.98  to =1.38  with increasing the modulation 
amplitude, which is quite different from the case of Bragg incident angle. 
   
 
FIG. 8. Diffraction efficiencies of first-order diffracted waves with different modulation amplitudes 
for two kinds of modulating approaches. Diffraction efficiencies for negative first order with (a) 
' 0.005n , (c) ' 0.05n , (e) ' 0.1n , and for positive first order with (b) ' 0.005n , (d) 
' 0.05n , (f) ' 0.1n . 
 
FIG. 9. Relationships between the modulation ratio for the DVP and the modulation amplitude with 
   
perpendicular incidence. 
V. NUMERICAL STABILITY 
The criteria of numerical stability for Hermitian gratings are energy conservation 
and convergence to the proper solution with an increasing number of space harmonics. 
The gratings in this paper are non-Hermitian systems possessing PT-symmetric 
refractive index    *n x n x  , so the energy conservation is not under consideration. 
We only discussed the convergence of RCWA with an increasing number of space 
harmonics. Without loss of generality, we randomly selected relative parameters for the 
diffraction gratings. The period of grating T  equals to 8  and the incident angle   
is 
o20  . In Fig. 10, convergence of two modulating methods ( 0    and 
2
0Re( )n    ) and two modulation amplitudes ( ' 0.05n   and ' 0.2n   ) are 
exhibited. It is clear that the diffraction efficiencies converge to the proper values when 
a sufficient number of space harmonics are included in the formulation. More 
harmonics are required for gratings with larger modulation amplitude. 
 
FIG. 10. Convergence of diffraction efficiencies dependence on the number of space harmonics for 
two kinds of modulating approaches and two kinds of modulation amplitudes: modulating the 
   
modulus with (a) ' 0.05n , (c) ' 0.2n , and modulating the density with (b) ' 0.05n , (d) 
' 0.2n . 
VI. CONCLUSION AND DISCUSSION 
In this paper, we have developed the RCWA to calculate the diffraction of acoustic 
planar gratings. By using the proposed RCWA, we have calculated and analyzed the 
diffraction properties of acoustic PT-symmetric gratings for two-beam diffraction at 
Bragg incident angles and multi-beam diffraction with perpendicular incidence. At 
Bragg incident angles, asymmetric diffraction occurs when the incident angle changes 
from positive to negative symmetrically. The forward diffracted positive first order with 
negative incident angle disappears completely at the DVP. The modulation ratio for the 
DVP decreases with the increasing of the modulation amplitude for the case of 
modulating the effective modulus, while the modulation ratio for the DVP increases 
with the increasing of the modulation amplitude for the case of modulating the effective 
density. For multi-beam diffraction with perpendicular incidence, asymmetric 
diffraction still can be observed between symmetric diffracted orders. The diffraction 
efficiencies of forward diffracted positive first order are much lower than those of 
negative first order. The modulation ratio for the DVP increases with the increasing of 
the modulation amplitude for both modulating approaches. And small difference 
between two modulating approaches will appear with the increasing of the modulation 
amplitude and modulation ratio. 
In two-beam diffraction at Bragg incident angle, the sound energy in the diffraction 
grating for positive incident angle is much larger than the sound energy for negative 
incident angle. From the amplitudes of pressure fields at the DVP, it can be seen that 
higher sound pressure is mainly localized in gain parts for positive incident angle while 
sound pressure is almost evenly distributed in gain and loss parts for negative incident 
angle. Full-wave simulations are also reported and the results of numerical calculation 
by RCWA are in good agreement with the simulation results by FEM, which support a 
sufficient proof for the accuracy of RCWA.  
   
The solution of RCWA can be easily implemented by a digital computer in a 
simple matrix form, which is faster and more efficient than FEM in the application of 
planar gratings. Especially for multi-beam diffraction, RCWA calculated the diffraction 
efficiency of every diffracted order directly. But it is difficult to distinguish different 
diffracted orders straightly in the real space in the simulation of FEM. 
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